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ABSTRACT: The strong-segregation limit of microphase separation in star diblock copolymers is treated
with a mean-field theory originally introduced for linear diblocks by Leibler and extended for the strong
segregation limit by Ohta and Kawasaki. In addition to the usual morphologies of spheres, cylinders, and
lamellae, the ordered bicontinuous double-diamond (OBDD) structure discovered in experiments in our group
is included in the free energy competition. The structure factor for a star copolymer is that derived by de
la Cruz and Sanchez, and the long-range contribution to the free energy is computed by a numerical summation
over reciprocal lattice vectors. Constant-mean-curvature surfaces with double-diamond symmetry, calculated
by a finite element method, are used to define model OBDD structures, and the form factors for the model
structures so defined are calculated analytically. These constant-mean-curvature surfaces yield lower free
energies than either surfaces determined by assemblies of ¢ylindrical struts or surfaces displaced a constant
distance from the Schwarz “diamond” minimal surface. The conclusion that the constant-mean-curvature
surface is the best description of the microscopic interface is also supported by comparisons of calculated
projections with actual TEM data. Use of these surfaces of constant mean curvature is thus crucial in proper
modeling of the OBDD morphology. The predicted lattice parameters for the OBDD structures observed
in the star diblocks for arm numbers above five by Thomas and co-workers and in the linear diblocks by
Hashimoto and co-workers are in very good agreement with experiment, but the calculated free energy of
the OBDD morphology does not become less than that of the cylindrical morphology in either the star or
linear diblock cases as is indicated by the experiments. This is most likely due to the inadequacy of Gaussian
chain statistics in the microphase-separated state—particularly with respect to the higher arm stars.
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Introduction

Until very recently, attempts to fabricate polymeric
materials that hybridize the best properties of two or more
component polymers have been limited by the tendency
for dissimilar polymers to phase-segregate either macro-
scopically (blends) or into morphologies in which one phase
is discrete (block copolymers). Fetters and co-workers
initiated the synthesis of a new class of star diblock co-
polymers.! A star diblock copolymer consists of a number
of identical diblock arms linked to a common center,
forming a macromolecule with an inner core region rich
in one component and an outer region of the second com-
ponent. A new equilibrium morphology has been discov-
ered?? in star diblock copolymers which has the property
that both phases are continuously connected in all three
dimensions. In this so-called “ordered bicontinuous dou-
ble-diamond” (OBDD) morphology, one phase (e.g., poly-
styrene) resides in two intertwined but distinct laby-
rinthine networks that each exhibit diamond-cubic sym-
metry, and the other phase (e.g., polyisoprene) resides in
the continuous matrix between the two diamond channels.
This matrix is bisected by a connected, triply periodic
surface named the “Schwarz diamond minimal surface”;*
a minimal surface is by definition a surface with identically
zero mean curvature (the possibility of bicontinuous
morphologies in fluid microstructures was first pointed out
by Scriven®). The potential importance of a triply periodic,
bicontinuous morphology in microcomposites is illustrated
by the 10-fold increase in the storage modulus over that
of the cylindrical morphology at the same composition but
different arm number.38

The double-diamond morphology occurs for star diblock
PI/PS copolymers with a volume fraction of 0.27 for the
outer PS blocks, at higher arm numbers; for example, at
an arm molecular weight of 33000, the OBDD occurs for
arm numbers of six or more, up to 18, the highest arm
number investigated. The range of PS volume fraction
over which the OBDD morphology is found is estimated
to be 0.27-0.32, for 18-arm stars.” The OBDD is also found
when the roles of PI and PS are reversed, that is, 30 wt
% PI outer blocks.” The same morphology has been re-

cently proposed as an equilibrium morphology in high-MW
PS-PI linear diblocks.? Kinning et al.? also observed the
OBDD in a sample of a lower MW PS/PW linear diblock.

The theory of microphase separation in block co-
polymers has seen significant advances in recent years,
particularly since the introduction by Leibler® of a
mean-field thermodynamic potential calculated with the
use of a random phase approximation. Leibler’s theory
for the weak-segregation limit of a linear diblock was re-
cently adapted to the strong-segregation limit by Ohta and
Kawasaki!! and extended by Fredrickson and Helfand!?
to include fluctuation effects. Star diblock and simple graft
copolymers were treated in the weak-segregation limit in
a theory similar to Leibler’s by de la Cruz and Sanchez.!?
The latter authors pointed out that in order to correctly
treat the strong-segregation limit of star diblock co-
polymers, the new OBDD morphology would have to be
included in the treatment.

The theory of Ohta and Kawasaki for linear diblocks
involves a free energy competition between candidate
morphologies, which were taken to be cubic-close-packed
spheres, hexagonal-packed cylinders, and lamellae. Bi-
continuous morphologies were not treated. The regions
of stability for these three phases were calculated to be 0
< ¢ < ¢, = 0.215 for bec spheres, ¢; < ¢ < ¢y = 0.355 for
cylinders, and ¢, < ¢ < 0.5 for lamellae, with symmetric
results for ¢ > 0.5. These results agree at least qualita-
tively with many experiments on linear diblocks. In order
to obtain an analytical solution for these three morphol-
ogies, the (inverse of the) static structure factor of a linear
diblock was approximated over the full g range by a
three-term expression, which matched the RPA expression
to 4% accuracy.

In this paper we extend the theory of Ohta and Kawa-
saki to the case of star diblock copolymers, including in
the free energy competition the OBDD morphology and
using the expression for the static structure factor of a star
diblock derived by de la Cruz and Sanchez, which includes
as a special case (n = 1) the linear diblock structure factor
derived by Leibler and by Ohta and Kawasaki. The cal-
culation involves a summation over reciprocal lattice
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vectors, where each term in the sum is calculated analyt-
ically, and 2000 terms (actually 68 000 counting multipl-
icities) are summed yielding an accuracy of better than
0.05% for the sum. The inputs to the model are Ny, the
number of statistical segmental lengths in an arm; x, the
Flory interaction parameter; and n, the arm number. The
lattice parameter predictions are moderately sensitive to
the segmental lengths. However, as in previous theories,
the dependence on x is through the product xN, of the
interaction parameter per monomer times the arm polymer
index, which is independent of the characteristic ratio.
Thus, ambiguities in definitions of the x parameter per
monomer** are minimized. The results of Ohta and Ka-
wasaki are retrieved by taking n = 1 in the limit of large
Ny, for the case where the segmental lengths and densities
are the same for the two polymers (the “symmetric case”).

We begin in section 1 with a review of the exact model
used for the OBDD structure. The model is determined
by an interfacial surface that is a triply periodic surface
of constant mean curvature (a surface of constant mean
curvature is sometimes called an “H-surface” for short),
taken from one of five families of such surfaces calculated
by one of the authors!® using a finite element method. For
a given volume fraction and symmetry group, the surface
that minimizes surface area must have constant mean
curvature. The surface areas of these H-surfaces are in
fact approximately 6% lower than those of the cylindri-
cal-strut surfaces, called tetrapod networks by Hasegawa
et al.? and depicted by Thomas et al.? (see Figure 4), at
the same volume fractions. The form factors of the
morphologies determined by these finite element surfaces
are calculated analytically in section 2.

In section 3 the theory is reviewed and the computation
described. The long-range contribution to the free energy,
in the nomenclature of Ohta and Kawasaki, is computed
by a summation over reciprocal lattice vectors, for each
periodic structure. The summand is of the product of the
squared form factor of the structure, times the inverse of
the structure factor for a star diblock copolymer after the
subtraction of certain terms that are treated with the
short-range contribution. The short-range contribution
is calculated following Ohta and Kawasaki as the product
of the interfacial area, times an interfacial tension that is
taken to be independent of morphology. The minimization
over the lattice parameter is done by Newton’s method,
to yield the total free energy and a prediction for the
equilibrium lattice parameter.

In section 4 the results of the theory are compared with
the experiments on star diblocks of Alward et al.3!% and
those of Hasegawa et al.? on linear diblocks. Taking the
value of the interaction parameter x for PI/PS determined
by Mori et al.}? yields a comparison with the theory that
is free of any adjustable parameters. The agreement be-
tween predicted and measured lattice parameters for the
star diblocks is very good, but the free energy of the OBDD
morphology does not hecome less than that of the cylin-
drical morphology at higher arm numbers as is indicated
by experiments. Predicted lattice parameters agree well
with TEM data of Hasegawa et al. on OBDD morphologies
observed in high-MW PI/PS linear diblocks, although
again the cylindrical morphology, not the OBDD, is pre-
dicted to be the equilibrium morphology at these compo-
sitions.

Section 5 is a discussion of the results.

1. The Model OBDD Structure

The family of H-surfaces computed earlier by one of the
authors!® that will be used to define the model OBDD
morphology is perhaps easiest to understand in the fol-
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lowing terms. Begin with diamond cubic-close-packed
spheres of radius R, so that the subvolume C inside the
spheres lies in a matrix M, and ¢¢ = 0.3401. The surface
of each sphere is of course a surface of constant mean
curvature, where the mean curvature H at a point is de-
fined to be H = (k; + ky)/2, k, and k, being the principal
curvatures at the given point. In this paper (as in ref 15),
we will use a dimensionless mean curvature H* defined by
H* = HX, the product of the dimensional mean curvature
with the lattice parameter. Now imagine joining each
sphere to each of its four adjacent neighbors with a small
“neck”, after first shrinking the spheres slightly to create
gaps for these necks. This fusing of the spheres can ac-
tually be done in such a way that the new C/M dividing
surface is of constant mean curvature, this constant being
slightly greater than the mean curvature, H* = 8/3Y/2, of
the original sphere-pack. This new triply periodic structure
has exactly the symmetries of the original space group,
F43m, but the value of ¢, has decreased, the surface area
per unit cell S has decreased, and the C regions have
connected into a single, continuous, labyrinthine region.
We have chosen the letter “C”, for “channels”, to represent
the subvolume lying inside this labyrinthine region, which
is threaded by a diamond graph of degree (or coordination
number) four.

One can in fact track a family of such structures, where
every structure in the family is of space group F43m, is
topologically equivalent to the bicontinuous structure just
described, and is characterized by a continuous dividing
surface of constant mean curvature. As shown in Figure
1a, the value of this mean curvature varies with the volume
fraction in a surprising way. Equally surprising is the fact
(Figure 1b) that the dimensionless surface area per unit
cell S/X? exhibits a rather dramatic minimum at a volume
fraction of approximately ¢, = 0.131. As discussed in ref
15, the value of S/ V?/* for a lattice-fundamental region of
this surface, which is exhibited with computer graphics in
Figure 2, is smaller than for any other known triply per-
iodic H-surface. This is an important feature for the oc-
currence of the OBDD structure in block copolymers.

The well-known relation of dS = 2H dV between the
increments in surface area and volume (in this case volume
fraction) holds throughout as this family is tracked. Since
Figure 1b gives S versus V, the mean curvature is given
by one-half the slope of the curve at each point. This
relation also implies that the surface corresponding to the
minimum in area in this family is also the point of least
volume fraction, ¢¢ = 0.131; this corresponds to the cusp
in Figure 1b.

The surface with H identically zero—a “minimal
surface”—in this family has an analytical representation
that was discovered by Schwarz* and has since become
known as the Schwarz diamond or “D” surface. This
surface, as calculated by the finite element method, is
shown in Figure 3. The surface area calculated from the
finite element approximation to this surface was within
0.015% of the known analytical value (no figures are
available for comparison in the cases with nonzero mean
curvature). The group of symmetries for this special
member of the family is larger than that for each of the
other members, the space group being Pn3m. This min-
imal surface contains infinite straight lines and therefore
divides space into two distinct but congruent regions; this
is because a rotation of 7 about a straight line on a minimal
surface is a (orientation-reversing) symmetry of the entire
surface.

If this same rotation is applied to any other member of
the family (in which case the line itself will not lie on the
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Figure 1. (a, Left) A plot showing the relationship between the dimensionless mean curvature H* and the channel volume fraction
of one of the two subspaces created by the dividing surface of a family of constant-mean-curvature surfaces with F43m or single-diamond
symmetry. (b, Right) Relationship between the channel volume fraction and the normalized surface area for dividing surfaces of the
single-diamond family. The mean curvature is given at each point by one-half the slope of the curve. For points to the left of the
vertical axis, the channel volume fraction of a corresponding double-diamond geometry is obtained by doubling the volume fraction

as in (a). As explained in the text, no rescaling of the normalized area is necessary for the double-diamond geometry.

Figure 2. Computer-generated image of a triply periodic surface
of constant mean curvature. The surface belongs to a family of
surfaces which includes the classical Schwarz D minimal surface
(see Figure 3). One of the diamond graphs may be surrounded
by an identical copy of the surface that surrounds the other graph.
The volume fraction inside each of the diamond symmetry
channels is 0.131.

surface), the rotation will not be a symmetry but rather
will create an identical copy of the surface which will be
displaced from the original by one-half of an F43m unit
cell lattice vector (the statement by Thomas et al.? that
the replica surface is displaced by half a body diagonal is
based on this F43m unit cell). The space group of the
surface together with this copy is then Pn3m, because this
rotation is now a symmetry (Schoen!® discussed the pos-
sibility of H-surfaces related to the D minimal surface but
did not discuss the double-diamond geometry). Further-

Figure 3. Computer-generated image of the Schwarz D minimal
surface. This surface subdivides space into two continuous
subvolumes of 0.50 volume fraction.

more, the minimal surface describes exactly the midplane
between the two replicas, in that mirror reflection through
the minimal surface takes one replica into the other.
An ordered, bicontinuous, double-diamond structure can
then be represented by filling the two diamond networks
with material C and filling the remaining matrix, which
is bisected by the minimal surface, with material M (thus
C and M stand both for the regions and the materials
occupying them). The space group is Pn3m, and the lattice
parameter is one-half that of the lattice parameter given
above for the single-diamond F43m structure. The effects
of a smaller unit cell, rescaling, and the factor of 2 for the
double-diamond as opposed to single diamond all cancel
out so that the surface area per unit cell is the same as that
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Table I¢
Surface Areas and Free Energies of OBDD Models
parallel  cylindrical-
H-surface surface  strut surface
surf. area 2.983 56 3.01732 3.17462
free energy n=1 1.13662 1.146 25 1.158 60
n=4 1.00013 1.00858 1.02058
n="7 1.004 60 1.01305 1.02519

% Surface areas and selected free energy data for three models of
the OBDD structure. The volume fraction of the outer block is f =
0.356 and the parameters used for the calculation of the free ener-
gies at the three arm numbers (n = 1, 4, 7) indicated are N, = 100,
x = 0.2, with the segmental lengths and densities of the A and B
bloclis taken equal. Units of the energy are as in Ohta and Kawa-
saki.l!

given in Figure 1b. The largest volume fraction ratio of
the two components that can be represented by this family
of structures is 0.738:0.262, which occurs at H* = 2.4 (this
value of H* being one-half that in Figure 1a at the mini-
mum, because of the smaller lattice parameter X for the
double diamond).

From Figure la it is seen that for a given volume fraction
¢¢ between 0.262 and (say) 0.4, there exist two distinct
model structures in the family, one with H* < 2.4 and one
with H* > 2.4. Figure 1b and the relation dS = 2H dV
or equivalently d(S/X? = 2H* d¢¢ show that the structure
with a smaller value of H* is the structure with the smaller
surface area. The total free energies calculated as in
section 3 were found to be significantly higher for the
surface of higher area at the same volume fraction, so that
the model surfaces used were those with H* < 2.4.

Although the H-surfaces minimize surface area under
the constraints of volume fraction and of double-diamond
symmetry, other shapes for the C/M interface better as-
similate the statistics desired by the copolymer chains.
Component C is better served by an interface closer to the
“cylindrical-strut” model originally depicted in Thomas
et al.2 (see also Hasegawa et al.%); this dividing surface lies
at a constant distance from the two diamond graphs
mentioned above (and shown in Figure 2) which are in any
case center lines of the diamond channels. Or component
M might desire an interface closer to a surface that is
parallel to the minimal surface, the latter surface being in
any case the midplane of the M regions. A “parallel”
surface is a surface that is the locus of points a constant
distance along the normals to a given surface, so named
because one can show that the normals at corresponding
points are parallel. One can calculate analytically the
surface area and volume per unit cell for a surface parallel
to the D minimal surface at a distance s, taking X = 1:

S =8,-8ns? s =S¢5~ 8xs%/3 1)

where S, is twice the area of the minimal surface, known
in terms of complete elliptical integrals as S; = 2 X
1.91889309...

Starting with the finite element representation of the
minimal surface, parallel surfaces at various distances were
computed. Also, cylindrical-strut surfaces were computed,
all in the same finite element representation. The surface
areas at one volume fraction are given in Table I for a
typical comparison; as is well-known, the surface of con-
stant mean curvature is the area-minimizing surface (see
Nitsche!® for an in-depth discussion of this theorem). The
total free energies (as computed in section 3) for the
parallel and cylindrical strut surfaces, for one represent-
ative set of parameters, are given in Table I. The surface
of constant mean curvature in all cases checked, yielded
free energies lower than the other candidate surfaces, by
amounts that are significant in view of the small free en-
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ergy differences involved in the competition between
morphologies. We thus conclude that proper modeling of
the free energy competition requires the constant-mean-
curvature surfaces in the OBDD morphology. This, in
turn, virtually rules out an anayltical solution using the
correct dividing surface, because the analytical repre-
sentation of these surfaces is in terms of hyperelliptic
integrals.

We have carried out computations of the variation in
width of the M regions and find (Anderson et al.?) that
the root-mean-square deviation of this width is only about
7% of the average width (this width being twice the dis-
tance from the minimal surface along its normal to the
H-surface). Therefore the parallel surfaces and the H-
surfaces at the same volume fraction are almost indistin-
guishable visually.

2. Form Factor of the OBDD Structure

We now describe the calculation of the form factor of
a structure with an interface represented by a finite ele-
ment surface, whether a constant-mean-curvature, parallel,
or cylindrical-strut surface. If the scattering densities on
the C and M sides of the dividing surface are taken to be
¥ =1-¢c, and ¥ = ~¢g, respectively (so that (¥) = 0),
then the divergence theorem can be used to reduce the
volume integration over the unit cell to a surface integral®.;

f f f ey (r) dr = (i/q?) f f nqe?* d4 (2)

This surface integral can be performed analytically over
each triangular patch in the finite element representation
of the surface. For a space triangle with vertices r;, ry, and
rs, this integral is

{[cos (a + b) — cos (a + c)]/blc - b) -
[cos @ - cos (a + ¢)]/belp/q? (3)

wherea = ri-q, b =ryq~a,c =ryq-a,and p = |(ry -
r;) X (rz - r;)|. The form factor calculated at reflections
that are forbidden in the Pn3m space group [all (hk0) with
h + k odd] was in all cases less than 1071°, The form factor
calculated for a very small value (0.01) of H* compared
very well with the form factor of the minimal surface
computed numerically by Mackay?? and with that com-
puted in ref 15 by a surface integration. The structure for
the case of a very small H* consists of a very thin shell
bisected by the minimal surface. There are no figures
available for analytical values of form factors for any of
these H-surfaces, for direct comparison. However, the
equation just given is an analytical formula for the
structure as represented by finite elements, and so the
deviations of the finite element solutions from the actual
constant-mean-curvature surfaces (surfaces which have
recently been given mathematical existence proofs?) have
only a very small effect on the computed form factor, which
is after all a volume integral.

3. Calculation of the Free Energies

We now describe the calculation of the total free energy
of a star diblock copolymer in each of the candidate
morphologies, using the results of de la Cruz and Sanchez
and the approach of Ohta and Kawasaki but with some
important modifications of the latter approach. The no-
menclature used will be that of Ohta and Kawasaki. The
computation will first be described for the case where there
is no molecular asymmetry between the A and B segments;
that is, the monomer lengths—statistical segmental lengths
in actuality—of A and B will be equal and the monomer
densities the same. Each (identical) arm of the star will
have type A monomers for the contour length 0 <7 < f
and B monomers for the contour length f < 7 < N,, where
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n such diblock arms are connected at » = 0 to form an
n-armed star. Thus the convention is that the inner blocks
are denoted by A and the outer by B. The total polymer
index of the star is nN;. The volume fraction of A is then
f = f/No. The density of monomers is p,, the local devi-
ation of the monomer density is ¥, and the density variable
used in the calculation will be ¥ = \¥/p, as in the last
section; the form factor is then ¥,. One should note that
the x of de la Cruz and Sanchez differs from that of Ohta
and Kawasaki by a factor of py, and in this paper we will
use the former definition, so that the combination of xp,
appearing in the formulas of Ohta and Kawasaki will be
given by simply x. The units of this x are those of energy
per monomer, divided by kg7, and as in Ohta and Ka-
wasaki all energies will be divided by kgT. From the in-
teraction parameter x, Ohta and Kawasaki define a new
variable x = 2Nox - s(f)/ (241 - /)], where s(f) is discussed
below. From this and from A(f) = 3/[NyA(1 - /)?] and B(f)
= Ny/[4f(1 - )], the interfacial width £ = (B(f)/x]'/? is
calculated and a ratio a = A(f)/B(f) defined. The inter-
faclial tension is calculated to be ¢ = 23/29,2/(3¢), where 7,

As mentioned above, in order to obtain an analytical
solution for the free energy, Ohta and Kawasaki used an
approximation in three terms (their eq 3.19) for the vertex
function T, where the inverse of T';%x /N, is the structure
factor of tile star diblock:

Ty =~ [¢°No/2 + 8/¢*Nof(1 - ) + s() /f(1 - N1/
[2NG*f(1 - H] (4)

where the exact expression used for s(f) did not affect their
results. However, no value of s(f) gives the correct as-
ymptotic behavior for both ¢ — 0 and ¢ — « simultane-
ously. In fact, as noted by Ohta and Kawasaki, even an
average value of the two values of s(f) dictated by these
two limits produces a fit of the scattering curve that
matches to only 4%.

The approach in this paper is to use the exact form of
T, given by de la Cruz and Sanchez, in which case the value
ofq s(f) that must be used is the value for the asymptotic
behavior as ¢ — «:

T, = {g®No/ [4No*f(1 - HIHL + 25(H) /[¢*Nof(1 ~ ]}
for ¢ = = (5)
where
s=1-@m-DA-N/2+{n-3)f1-H/2 ()
With this, if one defines the function v(g) by subtracting
the g® term and the term containing s(f), i.e., via
T, = {¢®Ny/2 + 8v(q) /[f(1 - P + s(N/[f(1 - N1}/
[2NAf(1 - N1 (D)
then y(q) = 1/¢*N, as ¢ — 0 and v(g)¥_, is summable.

The Ohta and Kawasaki approximation amounts to taking
v(q) = 1/¢*N,. However, one can calculate that

lim v(q)g*No = [2(n - 1) - 3]/12 +
g

(2~ (n-1)(1-P12/[12fQ-H] +
(n-3)[2-(n-1)1-H1/12 (8)

With this form for T, the long-range contribution to the
free energy can be written as

Fif¥) = (/2N [ [ [v@¥, v, d%a 9

Of course, the form factor of ¥, need only be calculated
for the case when the lattice parameter x = 1; hence define
®(q) to be the squared-norm of the form factor (or ¥, ¥_)
when X = 1. However, although it is approximately true
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that v(q) scales as X?, we are not employing this approx-
imation and therefore the X dependence of vy will be in-
cluded in the computation. Specifically, this is done by
writing |qi in its actual form as g = 2x|(h,k,/}{/ X and taking
the argument of the Debye functions in the expression of
de la Cruz and Sanchez (their eq 28) to be

X, = Nog?\2/6 (10)

The statistical segmental length A will be taken to be 3!/2,
in the symmetric case. Because of the complicated X-
dependence of v(q), it is necessary to solve iteratively for
the value of X that minimizes the total free energy.

This total free energy is the sum of F}, and the interfacial
tension term, eq 4.12 in Ohta and Kawasaki, which con-
tains the g2 term and the s(f) terms that were subtracted
from T, as well as the x term. Define 4, to be the in-
terfacial area per unit volume when X = 1, and the ex-
pression for the total free energy is

F=0A0/X + (a/2)(20)°No2Zv(@)®(g)  (11)

where the summation is over the reciprocal lattice vectors
of the periodic structure. For direct comparison with Ohta
and Kawasaki, we divide the free energies by § where

Q = 21/2f(21/2£a)1/3/3 (12)

If one factors out the 1,.2/£ from the expression for F, the
factor aéN, appears in front of the second term. The
parameter xN, appears in the formula for ¢ through %.
The relation between atN, and xIV, is given by

atNy = [A(ON,/BNIB(E) /x1/* = A(ONo/[BOX]'/*
(13)

The final forms of the formulas involving A(f) and x have
been written so as to emphasize the fact that A(f) and x
appear only in the combinations A(f)N; and xN,, which
are independent of the statistical step length. The only
dependencies on the polymer index in the final equations
are those arising directly from the arguments of the Debye
functions in I'. Thus, for example, the factor 1/2c =
N/2p, in eq 3.14 of Ohta and Kawasaki, which would re-
quire a volume-weighted polymer index (as defined by
Helfand,? e.g.), cancels out in the final formulas.
Before proceeding to the asymmetrical case, we consider
the accuracy of the free energy calculation based on eq 11.
By eq 2, ¥, ~ 1/q% so that ®(¢g) ~ 1/¢* (a simple con-
sequence of the assumption of sharp interfaces), and the
number of terms at a radius of q in reciprocal space goes
as q2. Since by eq 8 y(q)Ny; ~ 1/g% the sum in eq 11 has
an upper bound that can be approximated by f,121/¢*dgq,
where without loss of generality we choose the lattice pa-
rameter to be such that the minimum wave vector is (1,1,0).
In our calculations, all reciprocal lattice vectors of the form
(h,k,l) where -21 < h,k,l < 21 were included in the sum.
Thus the relative error can be estimated by the ratio
Sa1l/q* dg/ f a2l /q* dg = 0.03% (actually this overesti-
mates the error because lattice vectors such as (19,19,19),
which have a reciprocal-space radius greater than 21, are
included in our sum). Indeed, when vy(g) was taken to be
1/q2Nj, as in the Ohta and Kawasaki approximation, our
numerical sum differed from their analytical formulas by
less than 0.03% in the case n = 1. Because the form factors
for the OBDD structure are calculated analytically, the
order of relative error in this sum is 0.03%. Furthermore,
since the total free energy varies as the 1/; power of this
sum, the relative error in the total free energies is very
small and is in fact controlled mostly by the errors in
surface areas calculated from the finite element solutions
(the total free energy varies as the 2/; power of this area).
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Figure 4. A plot of the free energy for various microdomain
structures versus composition for the limit of strong segregation
(Nox = 108). Units of energy are as given by Ohta and Kawasaki.!!
The microdomain structural transitions between spheres and
cylinders and cylinders and lamellae occur at ¢ = 0.215 and 0.355,
respectively.

This error in surface area is on the order of 0.05% .1
For the polymer indices normally encountered in ex-
periments, the dependence of the relative free energies of
the various morphologies on the segmental lengths and
densities is negligible, and within the context of the present
theory, the relative free energies given in Figure 4 hold for
all molecular weights. However, we wish also to use the
theory to interpret and predict experimentally measured
lattice parameters, and for these purposes, as well as in
cases where one or both polymers are very stiff with a small
number of statistical segments per block, we would like
to generalize the equations to incorporate the particular
molecular parameters of the system in question. Let the
statistical segmental lengths of the A and B blocks be A,
and Ag. These values together with the block molecular
weights determine the radii of gyration of the A and B
blocks, which we will call R4 and RB The arguments of
the Debye functions in T, become R,%g? (replacing fx) and
Ry%q? (replacing (1 - f)x) To bring the nomenclature into
coincidence with that of Ohta and Kawasaki, we take the
unit of length u to be the Kuhn length of the B blocks
divided by 3!/2 and define f by f = Rs2/(Rs% + Rg?) and
Ny by Ny = 2(Rg/u)?/(1 - ) = 2(Ra/u)?/f. These defi-
nitions guarantee that Rg? = (1 — ANAg?/6 = (1 - ANg?/2
and R,2 = fNA,%/6 = nNy?/2, where in each case the first
form is that of de la Cruz and Sanchez and the last form
that of Ohta and Kawasaki when u is taken to be unity.
The prefactors in front of the Debye functions, which
are f2 and (1 - /)? in the symmetric case, reflect the actual
volume fractions ¢, and ¢g rather than the ratio expressed
in the above equation for f, because the weighting of the
scattering contributions must be according to the square
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of the volume fractions. Thus the expression for D /i in eq
28 of de la Cruz and Sanchez is Dy = ¢,2D(fNoq*/2) =
¢a2D(R5%q?) and similarly for D,_.. Also the expression for
F; becomes F; = ¢,[1 ~ exp(~fNyq%/2)}/(fNog?/2) and
similarly for Fy_.

By examlmng the limit of I'; with these definitions, the
expression for s(f) becomes

s(f) = [f(1 - fH/2a%6H){(n - 1)a2 + 2ab - 2(a? + b?) ~
[fa? + (1 - DL - Hn-1) - 21/1f0 - N1} (14)

where a = ¢,/f and b = ¢g/(1 - /). And, finally, the
leading g2N,/2 inside the brackets in eq 7 must be changed
to

g*Nylfa® + (1 - Hb?] /(2a%b?) (15)

4. Results

In the symmetric case, namely, A, = Ag and pgs = pgg,
the sphere/cylinder and cylinder/lamellae crossover points
remain within a few percentage points of the values given
by Ohta and Kawasaki, that is, ¢; = 0.215 £ 0.02 and &,
= 0.355 £ 0.02, for a wide range of x, N;, and n. The
OBDD morphology yields an energy that is at least 1%
higher than the minumum of the other three energies.
Figure 4 shows the free energies for linear diblocks (n =
1) in the strong segregation regime (Nyx = 10%)—so that
the energies for spheres, cylinders, and lamellae agree with
those given by Ohta and Kawasaki—and although the
OBDD energy is competitive with that of the other three
morphologies, it is never the smallest.

In the general case, where the segmental lengths and
densities are not necessarily the same, the N, dependence
of the lattice parameter is very close to the /3 power law
given by Ohta and Kawasaki and observed in many ex-
periments (e.g., Hashimoto et al.,” Alward,? and Mori et
al.’). The dependence on the parameter x, and hence on
the inverse of temperature, is also very much as in the
theory of Ohta and Kawasaki. Both of these dependencies
can be expressed by the fact that X scales as («£)™!/3, via
the equation for af given above; for sufficiently large xV,
(>>s(), it is seen that «f scales as Ny 2 and as x /2, yielding
X ~ Ny?/® and x'/¢. This -!/; power dependence on af
was stated in different but equivalent terms by Ohta and
Kawasaki, namely, as X ~ £'/3R,*/3 where R, ~ a™V/4,
The scaling X ~ («£)™V/? follows easily upon notmg that
the long-range term containing the factor af goes very
nearly as X? whereas the short-range term goes as 1/X.
It should be noted that the scaling with x N, is much more
dependent on the assumption of large N, than is the
scaling with af, because of term involving s(f) in the de-
nominator of eq 13.

In the comparison of the theory with experiments on
PI/PS star and linear diblocks that follows, the dimen-
sionless lattice parameter X has been made dimensional
by multiplying by the unit of length, which, as stated
above, is the outer (B) block segmental length divided by
31/2, The value of the characteristic ratio for PS is ap-
proximately 12.4,28 so Ag = 19.1 A. The characteristic ratio
of PI is approximately 6.4, so A, = 9.9 A. The value of x
was that determined by Mori et al.'” using SAXS. The
value of x used here will be the value extrapolated to 115
°C from the data of Mori et al, with their formula x =
—-0.0937 + 66/ T, namely, x = 0.076. These values of x and
A determine all the inputs to the present theory, and no
adjustable parameters remain.

The comparison of the theory with experimental data
will now be given for the case involving the OBDD
structure that has been most closely examined. This was
the case!®3 of star copolymers of 10000 MW PS outer



Macromolecules, Vol. 21, No. 11, 1988

Table II°
Lattice Parameters and Free Energies: Cylinder and
OBDD Star Diblocks
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Table III°
Lattice Parameters and Free Energies: OBDD Linear
Diblocks

PSvol total Xy Xipeon Fopop/
fract MW R ‘X Fosop Fram Fen Foin

obsd F, OBDD. /

no. morph X exptl A X theors A FOBDD F Lam Fcyl F, oyl
2 oyl 225° 231 1.156 1.173 1.132 1.0226
4 cyl 225° 237 1.095 1.116 1.067 1.0264
5 cyl 245 237 1.083 1.105 1.054 1.0276
6 OBDD 365 355 1.083 1.100 1.048 1.0283
8 OBDD 340 354 1.070 1.107 1.049 1.0288
12 OBDD 345 351 1.106 1.127 1.0756 1.0279
18 OBDD 350 348 1.169 1.191 1.140 1.0255

4 Comparison of theory with experimental data of Alward et al.?
For each arm number listed, the observed morphology and the
lattice parameter from SAXS are listed, followed by the theoreti-
cally calculated lattice parameter for the observed morphology and
the total calculated free energies for the candidate morphologies.
Units of energy are as in Ohta and Kawasaki. >The values origi-
nally cited in Alward et al.? for these two samples are in error.

blocks, 23000 MW PI inner blocks, and arm numbers of
two, four, five, six, eight, 12, and 18. SAXS was used to
determine the lattice parameters and, together with TEM,
the morphology. These are summarized in Table II giving
the (10) spacing (in angstroms) for cylindrical morphologies
and the Pn3m lattice parameter for the OBDD structures.
Table II gives the results of the free energy and lattice
parameter calculations from the H-surface model. It can
be seen that the predicted lattice parameters for the
OBDD morphology are in excellent agreement with values
measured in the samples which exhibit the OBDD mor-
phology. It should be noted that the measured values in
all four OBDD structures are the same within the exper-
imental error, so that no conclusions can be made con-
cerning variation with arm number. Concerning the free
energy competition, the theory fails to predict a favorable
free energy for the OBDD over that of the cylindrical
morphology at higher arm numbers, as indicated by the
experiments. In the next section we argue that this is due
mainly to the failure in the theory, inherent to the
Gaussian approximation, to account for the conformational
changes near the star center due to crowding. Neverthe-
less, the OBDD free energies are still lower than those for
the lamellar morphology (and also the BCC sphere mor-
phologies, which are not shown because the energies are
not competitive in this composition range), and the overall
trend of the OBDD free energy being lower than that of
lamellar and competitive with that of cylinders, at volume
fractions corresponding to the area minimum in Figure 1b,
is consistent with the compositional dependence of the
OBDD morphology observed by Herman et al.’
Another comparison of the theory with experiments can
be made with the data of Hasegawa et al.? in which the
OBDD was apparently observed in three high MW PI/PS
linear diblocks. While the published electron micrographs
strongly indicate the OBDD morphology, the SAXS data
are more consistent with the cylindrical morphology, ac-
cording to those authors. Table III gives the calculated
total free energies at these three compositions. The very
small difference—about 1% in all three cases—between
the cylindrical and OBDD free energies suggests that both
types of structure might coexist in a metastable state. In
Table III are also listed the experimentally measured
lattice parameters and the calculated predictions for the
experimentally observed morphology. Given the error
involved in estimating the lattice parameter from electron
micrographs of stained, microtomed sections, the agree-
ment with the theoretical lattice parameters is fairly good.
One result of our calculations that can be tested ex-
perimentally is that, for PI inner block, PS outer block

0.62 95600 830 700 1.1738 1.1593 1.1635 1.0125
0.66 186000 1230 990 11780 1.1650 1.1670 1.0112
0.63 207000 1430 1068 1.1515 1.1364 1.1423 1.0133

8Comparison of theory with experimental data of Hasegawa et
al®? The lattice parameters from TEM are listed, followed by the
theoretically calculated OBDD lattice parameter and the total cal-
culated free energies for the candidate morphologies. Units of en-
ergy are as in Ohta and Kawasaki. The energies for the bcc
spheres are much higher at these compositions and are not in-
cluded. ‘

stars at the same arm molecular weight of 33000, the
PS-rich side of the phase diagram is predicted to exhibit
OBDD morphologies for high arm numbers only. Calcu-
lations of free energies for a PI volume fraction of 0.27
show that while the free energy of the OBDD is higher than
that of cylinders by more than 2.5% for arm numbers less
than six, this difference becomes approximately 0.5% for
an arm number of 18. Very few samples have been ex-
amined on the PS-rich side of the phase diagram for arm
numbers this high, so that thus far, there has been no
report of an OBDD morphology for a star with an inner
block volume fraction less than 0.5 Presently work is in
progress in this laboratory to check this composition range
carefully.

The smallest volume fraction observed thus far in ex-
periments for the phase occupying the diamond network
is 0.27. Furthermore, this volume fraction in all the cases
observed has been between 0.27 and 0.38. This is in perfect
agreement with the present theory, because the lowest
OBDD free energies occur for the structures near the
minimum in surface area in Figure 1b, where as mentioned
above this minimum also represents the structure with the
lowest diamond-network volume fraction (0.262) in this
family. The question of whether or not there exist other
families of surfaces with this same topology and space
group, but lower volume fractions, is discussed in ref 15
and is also the subject of present investigations by this
group and elsewhere.

5. Discussion

We have made attempts to use electron microscopy data
directly to determine the shape of the C/M interface and
to estimate the extent of the shape fluctuations. An
electron micrograph of a 12-arm PS/PI OBDD sample was
digitized, and a computer was used to simulate the mi-
crographs by sending rays through the 3D theoretical
structure and calculating the resulting 2D projection gray
level at each pixel (94 X 94 pixels). The details of the
projection calculation will be given in a forthcoming
publication (Anderson et al.?’). The right half of part a
of Figure 5, and of part b, is a theoretical projection using
the constant-mean-curvature model. The left half of
Figure 5a is the digitized experimental micrograph. The
left half of Figure 5b is the data after restoration with a
maximum entropy algorithm which is applied iteratively
on the real image and on the power spectrum of the im-
age.”® Considerable symmetrization has been accomplished
by the algorithm, in a well-defined manner totally free
from any user bias. An error measure has been defined
as the L, norm of the difference between the calculated
and measured grey levels, normalized to the L, norm ex-
pected for a random grey-level map. The normalized error
between the calculated and experimental grey levels before
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Figure 5. (a, Top left) Digitized bright field TEM image (left half) of the microdomain morphology of a 12-arm PS/PI star diblock
copolymer alongside the computer-simulated projection (right half) of the model structure whose PS/PI interface is Figure 2. The
projection is approximately {111] and the volume fraction of the PS phase (light regions) is 0.27. (b, Top right) Digitized bright field
TEM image (left half) after restoration with a maximum entropy algorithm alongside the computer-simulated projection (right half).
(¢, Bottom) Computer-simulated projection of a model structure made of tetrahedrally joined cylindrical struts. In this model, the
PS/PI dividing surface is a constant distance away from the two diamond graphs shown in Figure 2.

restoration is 0.395. The normalized error after
restoration—Figure 5b—is considerably smaller, 0.295.
The match between model and experiment in Figure 5b
is remarkable. In Figure 5c we show the simulated image
calculated when the cylindrical-strut model of the inter-
facial shape is used, and the match is quantitatively and
even qualitatively poorer than when the constant-mean-
curvature surface is used. The surface parallel to the
minimal surface model is almost indistinguishable on this
basis alone from the constant-mean-curvature surface
model. However, these data combined with the data in
Table I provide strong evidence that the dividing surface
is best represented by the surface of constant mean
curvature—as in the other classical microdomain mor-
phologies.

Although the free energy comparisons in Table I involve
very slight energy differences, we nevertheless believe they

are meaningful because we are comparing morphologies
of the same symmetry and topological type, and the results
are easily interpreted in terms of interfacial surface area
and chain conformations. However, when comparing free
energies between morphologies of different symmetry and
topology, the approximations going into the model ther-
modynamic potential do not cancel out and small energy
differences between candidate structures cannot be taken
too seriously. Moreover, the theoretical approach we have
followed is based on Gaussian chain statistics. One knows
that this assumption is inadequate on two grounds: (i) the
structural dimensions in the microphase-separated state
scale as Ny?/3, and (ii) for star molecules, the core effects
the inner-block chain conformations. The effect of the core
on the chain conformations of the inner blocks has been
recently observed in Monte Carlo simulations® and treated
by a conformation space renormalization group (RG)
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theory.3® As mentioned above, the chain conformational
statistics derived by renormalization group calculations on
star copolymers have not yet been incorporated into a
calculation of T'; that would more accurately reflect the
core effect. Alward'® believed the arm number dependence
of the star diblock morphology was due to the core effect.
But a simple modification to the present theory attempting
to incorporate some of the results of the RG theory failed
to account for this dependence. We now describe this
modification.

The mean-square distance of the segments in a star
polymer from the star center have been derived by Miyake
and Freed® as a function of arm number and, most im-
portantly here, a parameter ¢, where ¢ = 0 corresponds to
the Gaussian chain statistids limit and { — « corresponds
to the fully developed excluded-volume limit. Therefore
the ratio

92 = <R2)§/1§i}3 (RZ); =
1-/QA+ N[+ (n-1)(%,-21n 2)]/4 (16)

gives the increase in the mean-square distance of an A
segment from the star center due to the crowding near the
core, as a function of { and n. Our modification consists
of changing the radius of gyration of the inner blocks in
the Debye functions above to reflect this increase. Note
that it is rather artificial to maintain the assumption of
Gaussian statistics (in the Hamiltonian), while using the
value for the increase in the radius of gyration that is due
to a deviation from Gausian statistics. However, in lieu
of a structure factor calculation based on the RG statistics,
we know of no other tractable way to incorporate the core
effect in this theory.

The results of the theory when the Q factor is introduced
do not compare well with the experimental results of
Thomas et al.2 While the free energy of the OBDD mor-
phology becomes more favorable with respect to that of
cylinders, the predicted lattice parameters become much
higher than the experimental value long before the OBDD
free energy becomes comparable to (within 1% of, say) that
of cylinders.

Conclusions

The theory of Ohta and Kawasaki for the strong-seg-
regation limit of linear diblock copolymers has been ex-
tended to star diblocks, with the inclusion of the newly
discovered “ordered bicontinuous double-diamond” mor-
phology. A thermodynamic potential has been defined
that is a function of arm number, composition, interaction
parameter x, radii of gyration of the two blocks, and
morphology. Calculation of this free energy requires the
structure factor of the star diblock, which is used in the
form as calculated by de la Cruz and Sanchez. A numerical
summation over 2000 reciprocal lattice vectors yields an
accuracy of better than 0.05% under the assumptions of
the model, the most important of which are the random-
phase approximation of de Gennes and the model Ham-
iltonian. There are no free parameters in the model.

The major results of the calculation which are not in-
cluded in the results of Ohta and Kawasaki can be sum-
marized as follows:

(1) The OBDD morphology becomes most competitive
with the other morphologies at volume fraction ¢ciopy
ratios just above 0.26:0.74, corresponding to the minimum
in surface area in the family of constant-mean-curvature
dividing surfaces of OBDD symmetry and topology.

(2) Both free energy calculations and comparisons of
theoretical model projections with TEM data indicate that
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the dividing surface between the PI and PS phases is of
constant mean curvature.

(3) The present theory cannot account for the transition
from the cylindrical morphology to OBDD with increasing
arm number, possibly because it does not include the effect
of the crowding near the core on chain conformations.

(4) It is nevertheless possible to make accurate predic-
tions of lattice parameters by using the theory.

Presently, work is in progress to use the approach of
Helfand and Wasserman?! to model the free energies,
where this approach should have more success in taking
account of the non-Gaussian conformations of star mole-
cules.

It should be mentioned that the present approach can
be easily modified to treat simple graft copolymers and
A, B, stars, the structure factors of which were calculated
by de la Cruz and Sanchez. This has not been done here,
however, because at present the authors know of no doc-
umented experiments on these types of copolymers. Ef-
forts are under way in our group to examine A, B, stars.

As a final remark, because the study of the morphology
of star copolymers is in its infancy, there is always the
possibility that other structures will be found to occur as
equilibrium morphologies. For example, in surfactant
systems, microstructures based on the Schwarz “P” min-
imal surface* of primitive cubic symmetry (e.g., Lindblom
et al.3?) and related H-surfaces [15], the “gyroid™® minimal
surface (e.g., Hyde et al.%), and H-surfaces of the “I-WP”
family’® have been discovered. Furthermore, these
structures have been shown to bear a close relationship to
simple close packings of spheres!?, and have significantly
lower surface areas than these sphere packings. The
subject becomes even richer when one considers the
structures that appear in transitions between known
structures, at grain boundaries, and in thin films.3
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Conformational Characteristics of Polyesters Based on
Terephthalic Acid with an Ether Group in the Glycol Residue
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ABSTRACT: Poly(ditrimethylene glycol terephthalate), prepared by the melt-phase procedure from dimethyl
terephthalate and ditrimethylene glycol, was studied with regard to its unperturbed dimensions and polarity.
From viscometric and osmotic results obtained in tetrahydrofuran solutions, the unperturbed dimensions
ratio (r%)o/M, where (12}, is the mean-square end-to-end distance in the unperturbed state and M the molecular
weight, was found to be ca. 0.90 A2 mol g* at 30 °C. From dielectric measurements carried out on benzene
solutions the mean-square dipole moment of the chains was determined; this quantity, expressed in terms
of the dipole moment ratio (u?)/nm? where nm? is the mean-square dipole moment of the chain in the
idealization that all the skeletal bonds are freely jointed, amounts to ca. 0.80 at 30 °C and it exhibits a slightly
negative temperature dependence. Both the unperturbed dimensions and the dipole moments were interpreted
by using the rotational isomeric state model. The principal conclusion of this analysis is that these conformational
properties are extremely dependent on the gauche population about CH,—~CHj, bonds of the glycol residue
and the dimensions are also very sensitive to the second-order interactions arising from gauche rotations of
different sign about two consecutive CH,~CH, skeletal bonds. Stabilizing gauche effects about CH,~CH,

bonds reported in poly(trimethylene oxide) were not detected in the present system.

Introduction

The configuration-dependent properties of polyesters
with repeating unit OOCC;H,COO(CH,), are strongly
dependent not only on the number of methylene groups
of the glycol residue but also on the nature of the acid
(terephthalic, isophthalic, or phthalic) residue. In poly-
esters based respectively on terephthalic and isotphthalic
acids, coplanarity between the carbonyl and phenyl groups
guarantees maximum overlapping of electrons of these
groups! and consequently the rotational angles about
CPE-CO bonds are restricted to 0 and 180°.2 The planar
conformation of the terephthaloyl and isophthaloyl resi-
dues favors the molecular packing of the chain in the
crystal and enhances the attractive intermolecular inter-
actions between the ester groups of neighboring chains. As
a result, the polyesters exhibit high melting points whose
values decrease as the number of methylene groups in the
glycol residue increases,® reaching a minimum, and then
increase eventually reaching the T, of polyethylene for n
— o, In contrast, large repulsive intramolecular interac-
tions between two ester groups of the phthaloyl residue
overcome the stabilizing effects of the coplanarity between
the carbonyl and phenyl groups and the critical interpre-
tation of conformation-dependent properties of polyesters
based on phthalic acid* suggests that the rotational angles
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about CP*~CO bonds are +£90°. Consequently, the mo-
lecular packing of the chains in the crystal seems to be
disfavored, hindering the possibility that crystallinity is
developed in phthalate-based polyesters in which the
number of methylene groups in the glycol residue is small.

The structure of the glycol residue also has a big effect
on the physical properties of polyesters based in aromatic
diacids, and this work is part of a more general investi-
gation dealing with the influence of ether glycol residues
on the conformational properties of polyesters based on
aromatic diacids, specifically, on terephthalic acid.>°
Results have been reported that indicate that poly(di-
ethylene glycol terephthalate) (PDET) hardly crystallizes
from the bulk and only crystallizes from dilute solutions.’
The closeness of the glass-transition temperature (~20 °C)
to the melting temperature (~90 °C) in PDET seems to
enhance the transport term in the crystallization process,
slowing down the development of crystallinity in the bulk
polymer. An important conformational characteristic of
PDET is that gauche states about CH,—~CHj, bonds of the
glycol residue are 0.8 kcal mol™! below that of the alter-
native trans state.!! It seems that the presence of neigh-
boring carbonyl groups enhances the gauche population
about CH,~CH, bonds with respect to that of similar bonds
in poly(ethylene oxide) (PEQ) where gauche states about
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